We show that sub-attosecond delays and sub-Angstrom optical path differences can be measured by using Hong-Ou-Mandel interference measurements with x-rays. We propose to use a system comprising a source based on spontaneous parametric down-conversion for the generation of broadband x-ray photon pairs and a multilayerbased interferometer. The correlation time of the photon pairs and the Hong-Ou-Mandel dip are shorter than 1 attosecond, hence the precision of the measurements is expected to be better than 0.1 attosecond. We anticipate that the scheme we describe in this work will lead to the development of various techniques of quantum measurements with ultra-high precision at x-ray wavelengths.
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Since its first observation [1] , the Hong-Ou-Mandel (HOM) effect has attracted a great attention due to its importance for fundamental quantum sciences and since it holds a great promise for new quantum technologies [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
The HOM effect is a quantum effect that is based on the interference of the wave functions of the photons rather than on the interference of classical waves. The striking consequence of this quantum interference is manifested when two indistinguishable photons arrive simultaneously at the two different input ports of a 50:50 beam splitter. In contrast to classical waves, the two photons will always be detected at the same output port of the beam splitter. As a result, coincidence measurements between the output ports are null as long as the photons at the two input ports are indistinguishable.
In a typical HOM experiment, two identical photons are generated and propagate along two paths. By varying one of the optical paths, it is possible to control the delay between the two photons so that they do not arrive at the beam splitter simultaneously and their distinguishability is raised. The more distinguished the photons become, the higher the probability of coincident detection gets. The ability of the HOM effect to detect the indistinguishability of photons on very short time scales has led to development of various approaches based on the effect for the measurements of ultrashort delays and optical path differences [15] [16] [17] [18] .
Measurements based on the HOM effect are more sustainable than measurements with classical interferometers, because unlike classical interferometers, HOM measurements are independent of the phase fluctuations of the optical beams.
Consequently, in recent years several schemes for subfemtosecond delay measurements with optical beams have been suggested and implemented [16, 17] .
Generally speaking, the extension of quantum optics to the x-ray regime can provide new intriguing opportunities. This is especially due to the availability of photon number resolving detectors demonstrating high detection efficiencies and negligible background noise. X-rays are also more penetrative than optical photons, and as they possess higher frequencies, they can be modulated to carry more information. We note that several works on quantum effects with x-rays have been reported recently [19] . For example, the necessity of a quantum theory to describe the effect of spontaneous parametric down conversion (SPDC) has been demonstrated [20] , quantum effects such as electromagnetically induced transparency [21] , collective Lamb shift [22] , modulation of single γ photons [23] , ghost imaging [24] , quantum enhanced detection [25] , and vacuum-assisted generation of atomic coherences [26] have been reported as well. In addition, several schemes for the generated x-ray polarization entangled photons have been proposed [27] [28] [29] .
To reap the benefits of extending the HOM effect to the xray regime, a key requirement is a source that produces identical photons. One prominent candidate source is SPDC, where a pump photon interacts with the vacuum field in a nonlinear crystal to generate two photons (also known as biphotons) [30] . The two photons can be made indistinguishable by choosing the geometry and parameters of the system [1] . The keV bandwidth that has been reported for x-ray SPDC [20, 31] suggests that the corresponding biphoton correlation time is on the order of a few attoseconds.
The implementation of the x-ray HOM effect can lead to the development of quantum optical coherence tomography for measurements of very short spatial scales and tiny refractive index differences [32] [33] [34] [35] . This would be appealing for the imaging of biological samples.
However, the possibility to measure such a broad spectrum HOM effect is not clear. The main challenge is that x-ray mirrors and beam splitters rely either on small angle reflection or on Bragg scattering [36] . Small angle reflection can be used to reflect a very broad spectrum, but the angular distribution of the generated photons is much broader than the acceptance angle of small angle reflection devices. Bragg scattering from crystals is narrow in both angle and spectrum, thus the HOM effect would be narrowband and the corresponding dip would be limited to a few femtoseconds.
The alternative is to use Bragg scattering from artificial periodic structures made by multilayers. However, it is not clear whether the technical feasibility of the present-day technology allows the fabrication of such a system. It is also not clear a priori that the photons that hit upon the two input ports of the beam splitter are indeed indistinguishable.
In this letter we describe a system that is based on available technologies for measuring the HOM effect at x-ray wavelengths. We show that when the photons hit the beam splitter simultaneously, they are indeed indistinguishable, hence the system can support the detection of very short delays. We consider an example where the full width half max (FWHM) of the dip is about 0.6 attoseconds and explain how to control it.
We consider a standard scheme for HOM effect experiments, which consists a nonlinear crystal for the generation of x-ray biphotons, a phase shifter, two multilayer mirrors, and a multilayer beam splitter, as shown in Fig 
Here ̂ and ̂ are the destruction operators of the signal and idler photons, respectively, is a coupling coefficient, and , where ≡ ( , ) and ≡ ( , ), and they satisfy the commutation
Assuming the low gain approximation, we solve Eq. 1 to obtain a transfer matrix for the SPDC source. To proceed it is more convenient to express the output of the SPDC crystal as a superposition of the vacuum state and the biphoton state, which is calculated from the transfer matrix
Here and ( , , , ) are the probability amplitudes to detect the vacuum state and the frequency domain biphoton state, respectively. The obtained biphoton probability amplitude is
where is the crystal length.
Next, we consider the mirrors and the beam splitter.
Multilayer devices are composed of alternating layers of two materials with low and high refractive indices, which are deposited on a substrate [36] . Since in the x-ray regime the refractive indices of materials depend only on the densities of the electrons, high and low atomic number materials are chosen to maximize the refractive index difference between the layers. These materials are commonly referred to as the "absorber" and "spacer", respectively, and their widths are indicated by and . The ratio factor is defined as ≡ / , where is the width of the bilayers.
We use Bragg's law with a correction for refraction [38] to find the necessary width of the bilayers for a specific wavelength and incidence angle. To estimate the required number of bilayers we use the recursive theory of multilayers [39] . It allows to obtain an analytical expression for the intensity reflectivity of bilayers, where the incident angle is equal to the Bragg angle and the refractions and the reflections from the substrate are negligible [38]
Here is the amplitude reflectivity of the electric field at the interface between the absorber and the spacer, and is the number of the Bragg peak. However, Eq. 4 provides only the reflectivity for a specific wavelength at the Bragg angle, while the down-converted photons contain many frequencies and angles. Thus we calculate numerically the reflectivity and the transmission of the mirror and the beam splitter by using the multilayer matrix theory [40] , for the number of layers we estimated from Eq. 4, and obtain their transfer matrices.
Finally, we wish to calculate the count rate of coincidences between the two output ports of the beam splitter by
Here is the area of the pump beam at the input of the nonlinear crystal, = ⃗ 2 − ⃗ 1 is the distance between two detection points, = 2 − 1 is the duration between the detections, and ̂1 and ̂2 are ladder operators at the two output ports of the beam splitter.
We calculate the propagation of the ladder operators through the system by using the transfer matrices of the multilayer devices and insert the result along with Eqs. 2 and 3 into Eq. 5. After a considerable but straightforward analytical calculation we obtain 
Here we denote ±± ≡ (± , ± ). The quantity ̃( , ) = ∬ ( , , , ) is the biphoton probability amplitude, is the delay between the biphotons, and are the amplitude reflectivity of the signal and idler mirrors, respectively, and , , , and are the elements of the transfer matrix of the beam splitter.
To demonstrate the feasibility to observe the effect, we
consider an example of a system based on parameters that have been used in previous x-ray SPDC experiments [31] .
The nonlinear crystal is a diamond crystal with a thickness of 0.8 mm and we use the C(660) atomic planes for phase matching. We assume that the pump is at 21 keV, its deviation Next, we consider the multilayer mirrors and beam splitter.
Our goal is to show that it is possible to design optical devices with sufficient reflectivity that can accommodate the very broad angular distribution and spectrum of the generated biphotons. We choose the absorber layers to be platinum and the spacer layers to be carbon and we assume that the substrates are a silicon wafer. We use the data from [42] for the refractive indices and absorption coefficients. By using Eq. 4 we find that 20 bilayers with a width of 3.7 nm and with = 0.5 are sufficient to achieve an intensity reflectivity of 90% and that 10 bilayers are sufficient to achieve approximately 50% reflectivity. For the beam splitter, the substrate width is 15 m, which is shorter by an order of magnitude than the absorption length at 10.5 keV.
We simulate the dependence of the intensity reflectivity of the mirrors and the beam splitter on the incidence angle for We emphasize that we have described here an example for possible parameters. However, our simulations show that the x-ray HOM effect can be measured for a large range of parameters. We stress that the stability with respect to mechanical vibrations can be improved by using narrower band optical devices or narrower detector apertures, but in the cost of widening the dip in the coincidence count rate. This may be overcome by using advanced data analysis procedures [17, 18] . Alternatively, fabrication of the system as a monolithic structure would improve the stability significantly.
We also emphasize that while short time delays and optical path differences can be measured with x-ray interferometers [43] [44] [45] , the HOM system exhibits several important advantages. Since in the HOM effect the interference is between the wave functions of the biphotons and not between classical coherent beams, the experiment can be performed by using incoherent sources, whereas standard interferometers require sources with high spatial coherence.
Another advantage is the requirements for stability of the effect, which are less stringent than the requirements for interferometers. While interferometers have to be more stable than the wavelength for the entire measurement, thus on the angstrom scale for x-rays, in the HOM effect the system has to only be stable enough to maintain the biphotons indistinguishable during a detection cycle.
In conclusion, we have described how to implement the Hong-Ou-Mandel effect in the x-ray regime and how to utilize the effect for the measurement of sub-attosecond time intervals and sub-angstrom optical path differences. The relaxed requirements for stability and for the coherence of the source in comparison to interferometers suggest that the effect can be used for a large class of measurements for fundamental science and for a variety of applications. We note that the approach we describe can be performed with present day x-ray sources although the expected count rate is quite moderate. New advanced sources such as the new high repetition rate free-electron lasers [46, 47] are expected to enhance the count rate significantly. Consequently, our work opens the possibility for quantum precision measurements that are supported by the ultra-high spatio-temporal precision that is enabled by using quantum effects with x-rays.
